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Abstract
The spectrum of a finite group is the set of its element orders, and two groups are said to
be isospectral if they have the same spectra. A finite group G is said to be recognizable by
spectrum, if every finite group isospectral with G is isomorphic to G. We prove that if S is
any of the sporadic simple groups M cL, M12, M22, He, Suz, O
′N , then Aut(S) is recognizable
by spectrum. This finishes the proof of the recognizability by spectrum of the automorphism
groups of all sporadic simple groups, except J2. Furthermore, we show that if G is isospectral
with Aut(J2), then either G is isomorphic to Aut(J2), or G is an extension of a 2-group by A8.
1 Introduction
The spectrum ω(G) of a finite group G is the set of all element orders of G. This set is a nonempty
subset of the set of natural numbers and is closed under divisibility. Hence, ω(G) is uniquely
determined by the subset µ(G) of its elements which are maximal under the divisibility relation.
For an arbitrary subset ω of the set of natural numbers, denote by h(ω) the number of isomorphic
classes of finite groups G such that ω(G) = ω. For convenience, we will write h(G) instead of
h(ω(G)). A finite group G is said to be recognizable by spectrum (shortly, recognizable) if h(G) = 1,
almost recognizable if 1 < h(G) <∞, and nonrecognizable if h(G) =∞.
The set ω(G) determines the prime graph (or Gruenberg-Kegel graph) GK(G) whose vertex set
is pi(G), the set of primes dividing the order of G, and two distinct vertices p and q are adjacent
if and only if pq ∈ ω(G). We denote by s(G) the number of connected components of GK(G) and
by pii(G), i = 1, 2, . . . , s(G), the set of vertices of i-th connected component. We often identify a
connected component of a prime graph with its vertex set, and vice versa. If 2 ∈ pi(G), then we
assume that 2 ∈ pi1(G). The vertex set of connected components of prime graphs associated with
finite simple groups are listed in [4] and [22] (see the improved list in [10]).
In ([5], [9], [13]–[20]), it is proved that the sporadic simple groups except J2 are recognizable
and J2 is nonrecognizable. In [12], it is showed that if S is a sporadic simple group except M12,
M22, J2, He, Suz, M
cL and O′N then Aut(S) is recognizable by spectrum, and if S is isomorphic
to M12, M22, He, Suz or O
′N , then h(Aut(S)) ∈ {1,∞}.
For convenience, we list in Table 1 the sets µ(Aut(S)) and the connected components of Aut(S)
for these sporadic simple groups.
The goal of this paper is to prove the following theorems:
Theorem A. If S is isomorphic to M cL, M12, M22, He, Suz or O
′N , then Aut(S) is recognizable
by spectrum.
Theorem B. Let G be a finite group with ω(G) = ω(Aut(J2)). Then, either G is isomorphic to
Aut(J2), or G is an extension of a 2-group by A8.
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Remark. In the second case of Theorem B, we have not been able to find any group G with the
given properties.
Therefore, Theorem A furnishes the recognizability question for the automorphism groups of all
sporadic simple groups except J2. In fact, Theorem A and the results of [12] imply the following.
Corollary. The automorphism group of every sporadic simple groups, except J2, is recognizable by
spectrum.
We use the following notation. For a finite group G, denote by pi(G) the set of all prime divisors
of |G|. In addition, let Soc(G) be the socle of G, i.e., the product of all minimal normal subgroups
of G. Denote by An and Sn the alternating and symmetric group on n letters, respectively.
Table 1. The spectrum of automorphism group of some sporadic simple groups.
S µ(Aut(S)) pi1(Aut(S)) pi2(Aut(S))
M12 8, 10, 11, 12 2, 3, 5 11
M22 8, 10, 11, 12, 14 2, 3, 5, 7 11
J2 10, 14, 15, 24 2, 3, 5, 7 −
He 16, 17, 20, 24, 28, 30, 42 2, 3, 5, 7 17
M cL 9, 14, 20, 22, 24, 30 2, 3, 5, 7, 11 −
Suz 13, 16, 18, 21, 22, 24, 28, 30, 40 2, 3, 5, 7, 11 13
O′N 16, 20, 22, 24, 30, 31, 38, 56 2, 3, 5, 7, 11, 19 31
2 Preliminary Results
Lemma 1 Let K be an Abelian normal subgroup of a group G and ϕ : G → Aut(K) be the
homomorphism induced by conjugation in G. Suppose that Kg is an element of order m in G/K
and gm = 1. All elements in the coset Kg are of order m if and only if the equality f(gϕ) = 0 holds
in the endomorphism ring of A where f(x) = 1 + x+ · · · + xm−1.
Proof. This is the obvious consequence of the well-known equality:
(ag)m = gm · ag
m
· ag
m−1
· · · a,
where a ∈ K. 
Lemma 2 Let S = P1×P2×· · ·×Pt, where Pi’s are isomorphic non-Abelian simple groups. Then,
there hold
Aut(S) ∼= (Aut(P1)×Aut(P2)× · · · ×Aut(Pt))⋊ St.
In particular, |Aut(S)| =
∏t
i=1 |Aut(Pi)| · t!.
Proof. See Lemma 2.2 in [24]. 
Lemma 3 Let G be a finite group, and let N ⊳ G and G/N be a Frobenius group with kernel F
and cyclic complement C. If (|F |, |N |) = 1 and F does not lie in NCG(N)/N , then p|C| ∈ ω(G)
for some prime divisor p of |N |. Furthermore, if the preimage of F in G is a Frobenius group, then
|C| ·
∏
p∈pi(N)
p ∈ ω(G)
Proof. See Lemma 1 in [8]. 
2
3 Recognition of Aut(M cL)
Let p be a prime. Denote by Sp the set of all finite non-Abelian simple groups whose prime divisors
are at most p. In this section we deal with the list of finite non-Abelian simple groups in S11,
determined in [8] (see Table 2 below). In particular, the information from this table implies:
Lemma 4 If S ∈ S11, then {2, 3} ⊆ pi(S) and pi(Out(S)) ⊆ {2, 3}.
Table 2. Finite non-Abelian simple groups S ∈ S11.
S Order of S Out(S) S Order of S Out(S)
A5 22 · 3 · 5 2 A9 26 · 34 · 5 · 7 2
L2(7) 2
3 · 3 · 7 2 M22 2
7 · 32 · 5 · 7 · 11 2
A6 ∼= L2(9) 23 · 32 · 5 22 J2 27 · 33 · 52 · 7 2
L2(8) 2
3 · 32 · 7 3 S6(2) 2
9 · 34 · 5 · 7 1
L2(11) 2
2 · 3 · 5 · 11 3 A10 27 · 34 · 52 · 7 2
A7 23 · 32 · 5 · 7 2 U4(3) 27 · 36 · 5 · 7 D8
U3(3) 2
5 · 33 · 7 2 U5(2) 2
10 · 35 · 5 · 11 2
M11 2
4 · 32 · 5 · 11 1 A11 27 · 34 · 52 · 7 · 11 2
A8 26 · 32 · 5 · 7 2 HS 29 · 32 · 53 · 72 · 11 2
L3(4) 2
6 · 32 · 5 · 7 D12 S4(7) 2
8 · 32 · 52 · 74 2
U4(2) 2
6 · 34 · 5 2 O+8 (2) 2
12 · 35 · 52 · 7 S3
L2(49) 2
4 · 3 · 52 · 72 22 A12 29 · 35 · 52 · 7 · 11 2
M12 2
6 · 33 · 5 · 11 2 M cL 27 · 36 · 53 · 7 · 11 2
U3(5) 2
4 · 32 · 53 · 7 S3 U6(2) 2
15 · 36 · 52 · 7 · 11 S3
Theorem 1 The automorphism group of M cL is recognizable by spectrum.
Proof. Let A = Aut(M cL) and let G be a finite group such that
µ(G) = µ(A) = {32, 2 · 7, 22 · 5, 2 · 11, 23 · 3, 2 · 3 · 5}.
It is obvious that s(G) = 1. The proof of Theorem 1 will be done through a sequence of lemmas.
Lemma 5 Let N be the maximal normal soluble subgroup of G. Then only one of the three primes
5, 7, 11 can divide the order of N .
Proof. Assume first that {5, 7, 11} ⊆ pi(N). Since every two distinct primes in {5, 7, 11} are
nonadjacent in GK(G), the same is true for GK(N). Now, by Lemma 8 in [6], N is insoluble, which
is a contradiction.
Let p, q and r be distinct primes in {5, 7, 11} given in arbitrary order. Assume that two of them,
for definiteness p and q, divide |N |, whereas r does not. Consider a Hall {p, q}-subgroup T in N .
By Frattini argument, G = NNG(T ). Therefore, the normalizer NG(T ) contains an element of
order r, which acts fixed-point-freely on T . Thompson Theorem implies that T is nilpotent. Hence
p · q ∈ ω(T ) ⊆ ω(G), which is a contradiction. 
Lemma 6 There exists a finite simple group S ∈ S11 such that S 6 G/N 6 Aut(S).
Proof. Let G = G/N . Then S = Soc(G) = P1 × P2 × · · · × Pk, where Pi are non-Abelian simple
groups and G 6 Aut(S). It is obvious that Pi ∈ S11, so we need only to prove that k = 1.
Suppose k > 2. By Lemma 4, |Pi| is divisible by 3. By Lemma 5, there exists a prime p ∈ {7, 11}
which divides the order of G. It is clear that neither 7 nor 11 can divide |S|, since otherwise 7 · 3 or
11 ·3 ∈ ω(S) ⊆ ω(G), which is a contradiction. Hence pi(S) = pi(Pi) = {2, 3, 5}. Thus, p divides the
order of Out(S). But Out(S) = Out(S1)×· · ·×Out(Sm), where the groups Sj are the direct products
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of those Pi which are isomorphic and S ∼= S1×· · ·×Sm. Therefore, for some j, p divides the order of
an outer automorphism group of a direct product Sj of t isomorphic simple groups Pi. By Lemma
4, the order of Out(Pi) is not divisible by p . By Lemma 2, |Aut(Sj)| = |Aut(Pi)|
t · t!. Therefore,
t > p and Sj admits an automorphism of order p which centralizes the element (a, a, . . . , a) of Sj
of order 3, where a is any element of Pi of order 3. Thus 3 · p ∈ ω(G), a contradiction. 
Lemma 7 S ∼=M cL.
Proof. We consider all possibilities for the group S consecutively.
(1) S is isomorphic to A5, L2(7), A6 ∼= L2(9), L2(8), U3(3) or U4(2). Since the order of Out(S)
is not divisible by 5, 7, 11 and only one of these primes divides the order of S, we have a
contradiction by Lemma 5.
(2) S is isomorphic to L2(49) or S4(7). In this case 25 ∈ ω(S)\ω(G); a contradiction.
(3) S is isomorphic to An, n = 10, 11 or 12. Since 3 · 7 ∈ ω(S)\ω(G), we have a contradiction.
(4) S is isomorphic to U5(2) or U6(2). Since 18 ∈ ω(S)\ω(G), which is a contradiction.
(5) S is isomorphic to L3(4), U3(5), J2, S6(2), U4(3), O
+
8 (2) or An, n = 7, 8 or 9. Since 11 does
not divide the order of Aut(S), we have 11 ∈ pi(N). On the other hand, each of these groups
contains a Frobenius group of order 21. By Lemma 3, there exists an element of order 11 · 3
in G; a contradiction.
(6) S is isomorphic to L2(11), M11 or M12. Since 7 does not divide the order of Aut(S), we have
7 ∈ pi(N). Moreover, each of these groups contains a Frobenius subgroup of order 55. Now,
by Lemma 3, there exists an element of order 7 · 5 in G; a contradiction.
(7) S is isomorphic to HS orM22. Since Aut(S) does not contain an element of order 9, therefore,
|N | is divisible by 3. On the other hand, S contains a Frobenius subgroup of order 8 · 7, and
so 3 · 7 belongs to ω(G), which is impossible.
Thus S ∼=M cL. 
Lemma 8 N = 1.
Proof. Suppose N 6= 1. As in Lemma 3.4 of [21], we may assume that N is a nontrivial elementary
Abelian p-group where p = 2, 3, 5, 7 or 11. Since S contains a Frobenius subgroup of order 8 · 7,
Lemma 3 implies that p 6= 3, 5, 7, 11.
Let p = 2. If M cL acts trivially on N , then G contains an element of order 18 which is not
the case. If M cL acts faithfully, then G contains an element of order 16 since M cL contains a
Frobenius group 32 : 8 which lies in 36 : M10 of M
cL. 
Lemma 9 G ∼= Aut(M cL).
Proof. By Lemmas 6, 7, 8, G ∼=M cL or G ∼= Aut(M cL), and since 20 ∈ ω(G)\ω(M cL), we deduce
that G ∼= Aut(M cL). This proves both the lemma and the theorem. 
4 Recognition of Aut(M12), Aut(M22), Aut(He), Aut(Suz), Aut(O
′
N)
Theorem 2 If S is isomorphic to one of the sporadic simple groups M12, M22, He, Suz or O
′N ,
then Aut(S) is recognizable by spectrum.
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Proof. Let G be a finite group and ω(G) = ω(Aut(S)). By Theorems 2 and 3 in [12], G has a
normal 2-subgroup N such that G/N ∼= S. Now we prove that N = 1. Suppose false. One can
assume that N is elementary Abelian and absolutely irreducible as S-module. If S is isomorphic
to He, Suz or O′N , then the table of 2-Brauer characters of S shows that G contains an element
of order 2 · 17, 2 · 13 or 2 · 31, respectively, which is a contradiction. If S is isomorphic to M12 or
M22, then since Aut(S) does not contain an element of order 2 · 11, the table of Brauer characters
shows that N as S-module has dimension 10, but then the Atlas of finite group representations and
Lemma 1 show that some pre-image in G of an element contained in the class 8A of S is of order
16 /∈ ω(Aut(S)). Thus, N = 1 and G ∼= Aut(S). 
5 On Recognition of Aut(J2)
Theorem 3 Let G be a group such that ω(G) = ω(Aut(J2)). Then, either G ≃ Aut(J2), or G has
a normal 2-subgroup N such that G/N ≃ A8.
Proof. Let A = Aut(J2) and let G be a finite group with
µ(G) = µ(A) = {2 · 5, 2 · 7, 3 · 5, 23 · 3}.
Evidently, s(G) = 1. We divide the proof into a number of separate lemmas. Let N be the maximal
normal soluble subgroup of G.
Lemma 10 There are some finite simple groups S ∈ S7 with 7 ∈ pi(S) such that S 6 G/N ≤
Aut(S).
Proof. Let G = G/N . Then S = Soc(G) = P1 × P2 × · · · × Pk, where Pi are non-Abelian simple
groups and G 6 Aut(S). It is clear that Pi ∈ S7. Moreover, by Lemma 4, |Pi| is divisible by 3 and
pi(Out(Pi)) ⊆ {2, 3}.
First, we claim that the order of G is divisible by 7. Suppose false. Then, 7 divides |N | and
also pi(S) = pi(Pi) = {2, 3, 5}. Thus, Pi can only be isomorphic to A5, A6 or U4(2). In any case, G
contains the Frobenius subgroup A4 of order 4 · 3, and by Lemma 3, G has an element of order 21,
which is a contradiction. Therefore, |G| is divisible by 7.
Next, we will show that the order of S is also divisible by 7. Suppose not. In this case, again, Pi
can only be isomorphic to A5, A6 or U4(2). By previous paragraph, 7 divides the order of Out(S).
But Out(S) = Out(S1) × · · · × Out(Sm), where the groups Sj are the direct products of those Pi
which are isomorphic and S ∼= S1 × · · · × Sm. Therefore, for some j, 7 divides the order of an
outer automorphism group of a direct product Sj of t isomorphic simple groups Pi. By Lemma
4, Out(Pi) is not divisible by p . By Lemma 2, |Aut(Sj)| = |Aut(Pi)|
t · t!. Therefore, t > 7 and
Sj admits an automorphism of order 7 which centralizes the element (a, a, . . . , a) of Sj of order 3,
where a is any element of Pi of order 3. Thus 3 · 7 ∈ ω(G), a contradiction.
Finally, it is easy to see that k = 1, since otherwise 7 · 3 ∈ ω(S) ⊆ ω(G); a contradiction. The
lemma is proved. 
Below, we list the simple groups S ∈ S7 satisfy 7 ∈ pi(S):
An, n = 7, 8, 9, 10; J2; L2(7), L2(8), L2(49), L3(4), U3(3), U3(5), U4(3), S6(2), S4(7), O
+
8 (2).
Lemma 11 S ∼= J2 or A8.
Proof. Since G has no element of order 9, 20 or 25, S can not be isomorphic to A9, A10, L2(8),
U4(3), S6(2), O
+
8 (2), L2(49), U5(3), or S4(7). Therefore, S can only be
An, n = 7, 8; J2; L2(7), L3(4) or U3(3).
We consider above possibilities for the group S consecutively.
First, Suppose that S is isomorphic to A7. Then, since Aut(A7) = S7 does not contain an
element of order 15 and G/N 6 Aut(A7), hence 3 ∈ pi(N) or 5 ∈ pi(N). On the other hand, since S
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contains Frobenius subgroups 4 : 3 and 32 : 4, it follows by Lemma 3 that 9 ∈ ω(G) or 20 ∈ ω(G),
which is a contradiction.
Next, we assume that S is isomorphic to L2(7) or U3(3). Since S contains a Frobenius subgroup
of order 4 · 3, for any prime p of the order of N , by Lemma 3, G has an element of order 3 · p.
This means that N is a {2, 5}-group. Moreover, since 15, 24 ∈ ω(G)\ω(Aut(S)), it follows that
|N | = 2α · 5β where α, β ∈ N.
Finally, we assume that S is isomorphic to L3(4). Since S contains Frobenius subgroups of
orders 7 · 3 and 16 · 5, and G does not contain an element of order 9, 25 or 35, N is a 2-group. But
then G/N and so Aut(L3(4)) contains an element of order 15, which is a contradiction. 
Lemma 12 If S ∼= A8, then N is a 2-subgroup and G/N ∼= A8.
Proof. By Lemma 10, G/N ∼= A8 or G/N ∼= Aut(A8) = S8. First of all, since S contains Frobenius
subgroups 4 : 3 and 32 : 4, it follows by Lemma 3 that N is a 2-group. Moreover, the case when
G/N ≃ S8 is impossible. In contrary case, let V be a G-chief factor of N = O2(G). By [3],
dim(V ) = 6, 8 or 40, since in other cases CG(x), where x is an element of order 15, contains an
involution and G should contain an element of order 30 which is not the case. If dim(V ) = 6
or 40, then, using GAP and the corresponding information from [23], it is easy to calculate that
some element a of order 10 in G/N induces in V by conjugation a linear transformation t such
that 1 + t + t2 + · · · + t9 6= 0 and hence, by Lemma 1, G contains an element of order 20 which
is impossible. Thus, dim(V ) = 8 and hence an element x ∈ G/N from the class 3A acts on N
fixed-point-freely. Let L ≃ L2(4) be a subgroup of G/N containing x. By Higman’s theorem about
action of L2(2
m) on a 2-group with an element of order 3 acting fixed-point-freely (see [2, Theorem
8.2]), N is elementary Abelian, hence G cannot contain an element of order 24. This contradiction
proves the lemma. 
Lemma 13 If S ∼= J2, then G ∼= Aut(J2).
Proof. First of all, we prove that N is a non-trivial 2-group. To prove this, we observe that:
(1) If H/N ∼= J2 with ω(H) ⊆ ω(Aut(J2)) and N is a non-trivial p-group, then p = 2 and
CH(N) ⊆ N .
Proof. Suppose that p 6= 2. Then p = 3, 5 or 7 and one can assume that N is elementary Abelian
p-group. Suppose first that p = 7. Then the table of 7-Brauer characters of J2 (see [14]) shows that
an element from the class 3a in J2 centralizes an element of order 3 in N and hence H contains
an element of order 21 which is not the case. If p = 3 or p = 5, then the corresponding table of
p-Brauer characters shows that H contains an element of order 7 · p which is not the case. Thus
p = 2. If CH(N) * N , then CH(N)N = H and hence CH(N) contains an element of order 30
which is not the case. The lemma is proved. 
(2) If H/N ∼= J2 and ω(H) ⊆ ω(Aut(J2)), then N is a 2-group.
Proof. Suppose false. If H is a minimal counter-example, then, by part (1) and Frattini argument,
N is an extension of a non-trivial elementary Abelian p-group P of odd order by a non-trivial
2-group and CH(P ) = P .
It is obvious that H/N acts on the center Z of 2-group N/P . If H/N acts trivially on Z then
H/P contains an element of order 30 which is not the case. Thus H/N acts faithfully, and hence
ZS, where S is a subgroup of order 7 in H/N , contains a Frobenius subgroup [Z,S] · S. Then the
full pre-image of this group contains an element of order 7 · p, which is not the case. 
Therefore, N is a 2-group and by Lemma 10, G/N ∼= J2 or G/N ∼= Aut(J2). If G/N ∼= J2,
then N 6= 1, and since G cannot contain an element of order 30, the table of 2-Brauer characters
shows that an element of order 7 from G acts on N fixed-point-freely and hence G cannot contain
an element of order 14 ∈ ω(Aut(J2)). Thus G/N ∼= Aut(J2).
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If N 6= 1, then one can assume that N is elementary Abelian and N is an absolutely irreducible
Aut(J2)-module over a field of characteristic 2. Since G contains an element of order 30, the
table of 2-Brauer characters of Aut(J2) shows that N is of dimension 12. Using Lemma 1 and
the information on Aut(J2) from [23], it is easy to check that some pre-image in G of an element
contained in the class 10A of Aut(J2) is of order 20 /∈ ω(Aut(J2)). 
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